Abstract. It is known that nilpotent orbits in a complex simple Lie algebra admit hyperK hler metrics with a single function that is a global potential for each of the K hler structures (a hyper-K hler potential). In an earlier paper the authors showed that nilpotent orbits in classical Lie algebras can be constructed as nite-dimensional hyperK hler quotient of a at vector space. This paper uses that quotient construction to compute hyperK hler potentials explicitly for orbits of elements with small Jordan blocks. It is seen that the K hler potentials of Biquard and Gauduchon for SL(n; C )-orbits of elements with X 2 = 0, are in fact hyperK hler potentials.
Introduction
Adjoint orbits in complex semi-simple Lie algebras are known to carry a compatible hyperK hler metric invariant under the compact group action (see 18, 17, 16, 2] ). Nilpotent orbits are particularly interesting as they admit a hyperK hler structure which is closely related to twistor spaces and quaternion-K hler geometries 20] and which comes equipped with a hyperK hler potential. If one only asks for a K hler potential compatible with the hyperK hler structure, then several examples are known. Hitchin 8] gave an expression for a global K hler potential for a hyperK hler structure on the regular semi-simple orbit of sl(n; C ) in terms of theta functions. Biquard and Gauduchon 3] determined a simple formula for the K hler potential for the hyperK hler metric on semi-simple orbits of symmetric type. These orbits come in continuous families and by taking a limit Biquard and Gauduchon also obtain K hler potentials for certain nilpotent orbits.
In 15, 13] , K hler and hyperK hler potentials were obtained for orbits of cohomogeneity one and two by considering the invariants preserved by the compact group action. The cohomogeneity of a complex orbit O g C is de ned as the codimension of the generic orbits of the compact group G on O. As the cohomogeneity increases, we move further away from homogeneous manifolds and the geometry of the orbits becomes more complicated.
But there are other ways of rating the level of complexity of nilpotent orbits. In the case when each simple component of g C is classical (i.e., equals su(n; C ), so(n; C ), or sp(n; C )) it can be shown that nilpotent orbits in g C arise as hyperK hler reductions of the at hyperK hler spaces H N (see 11] ). This gives a more explicit description of the hyperK hler metric and the corresponding potential, as the latter comes simply from the radial function r 2 on H N . The space H N in the construction arises from a diagram of unitary vector spaces; the longer the diagram, the more complicated the geometry of the orbit. But even orbits that arise from the simplest diagrams (i.e., those of length 2) may have arbitrary high cohomogeneity, which puts them beyond the scope of the low cohomogeneity approach mentioned above. In 10], we successfully applied this technique to construct the hyperK hler potential for the regular nilpotent orbit in sl(3; C ), which has cohomogeneity 4. The aim of this paper is to apply the same construction to calculate hyperK hler potentials for nilpotent orbits with diagrams of length two or three. This includes classical orbits of cohomogeneity one or two and also all orbits obtainable as limits of semi-simple orbits of symmetric type. In particular, we are able to prove (in the sl(n; C ) case) that the K hler potentials obtained by Biquard and Gauduchon on nilpotent orbits are in fact hyperK hler potentials. This is not apparent from their work, particularly because we found in 13] that several of these orbits admit families of invariant hyperK hler metrics with K hler potentials. We also determine the potential for orbits in so(n; C ) which have length three diagrams and Jordan type (3; 2 2k ; 1`). In the simplest cases there is a striking resemblance to the formul we have for the cohomogeneity two case, but for k > 2 matters complicate rapidly.
In the calculations we use nite covering maps between nilpotent orbits and the Beauville bundle construction. It is worth pointing out that these techniques combined with knowledge of the invariants of the compact group action can be used to nd the potential in several other cases, for example for nilpotent orbits in the exceptional Lie algebra Explicit knowledge of hyperK hler potentials is of interest in the study of real nilpotent orbits, cf. 5], and we expect to pursue this in future work.
The paper is organised as follows. Section 2 recalls the hyperK hler quotient construction of classical nilpotent orbits and gives some general results on hyperK hler potentials. In section 3 we derive formul for the potential for orbits with diagrams of length 2 and then, in section 4, apply the result to the low cohomogeneity case. Finally, in section 5 we work out the potential for the simplest orbits with diagrams of length 3. Acknowledgements. We are grateful for nancial support from the Epsrc of Great Britain and Kbn in Poland.
Background and General Results
We begin by reviewing the general theory of the relationship between hyperK hler quotients, hyperK hler potentials and nilpotent orbits. The above construction may be adapted to the remaining classical Lie algebras so(n; C ) and sp(n; C ). We start with a nilpotent element A in the Lie algebra g using the J version of (2.1). But now
Thus L = 2 and preserves ?1 (0 In all cases rank = rank = rank X = k, so is injective and is surjective.
We shall use the above equations to calculate the hyperK hler po- Type sl(n; C ) so(n; C ) sp(n; C ) Cohomogeneity 1 ( This agrees with the formula obtained in 3]. There Biquard & Gauduchon showed that this formula gives a K hler potential for a hyper-K hler structure on the nilpotent orbit. This was done by considering the orbit in sl(n; C ) as a limit of semi-simple orbits. However, we have now shown that the Biquard-Gauduchon K hler potential is in fact a hyperK hler potential.
HyperK hler Potentials for Low Cohomogeneity

Orbits
In the simplest case O is a minimal nilpotent orbit in a classical Lie algebra. Such orbit arises from a length two diagram. Its Jordan type is given in Table 1 ( 1 for sl(n; C ), sp(n; C ), 2 for so(n; C ). It is known that, with one exception, the next-to-minimal orbits in complex semi-simple Lie algebras are precisely the cohomogeneitytwo orbits 7]. The exception is the next-to-minimal nilpotent orbit in sl(3; C ) which has cohomogeneity 4. This case was dealt with in 10] while in 13] hyperK hler potentials for cohomogeneity-two nilpotent orbits were calculated: the latter were expressed in terms of two invariants 1 (X) := ?K(X; X) and 2 (X) := 1 ( X; X]), where K denotes the Killing form. In our situation it will be more convenient to use the following two invariants (which in fact are multiples of 1 ? c 2 where = 1 for sl(n; C ) and sp(n; C ), and = 2 for so(n; C ). In the proof we shall consider the three classes of orbits which have length two diagrams, and postpone the length three case to 5.
Proof. We use the notation of Remark 3.2. Since O is a cohomogeneitytwo orbit, X X has at most two di erent eigenvalues. By considering a matrix de ned in (3.5), with a 1 ; a 2 arbitrary, and a 3 = = a k = 0 one nds that for a generic element X in nilpotent orbits O (2;1 n?k ) sl(n; C ), and O (2;1 2n?k ) sp(n; C ) we have Spec(X X) = f 1 ; 2 g where the eigenvalues 1 , 2 have multiplicities = k 1 = k 2 = 1.
An element X of O (2 4 ;1 n?8 ) so(n; C ) has, by Lemma 4.2 below, eigenvalues with even multiplicities. But X X has rank 4 so again Spec(X X) = f 1 ; 2 g, this time with multiplicities = k 1 = k 2 = 2.
This can be veri ed by a direct calculation: a typical matrix in this orbit is conjugate to the matrix obtained by taking X as in (3.5) with a 1 = ?a k ; a 2 = ?a k?1 arbitrary, and a 3 = = a k?2 = 0; note that this is possible if we take the quadratic form which de nes so(n; C ) to be 1 2 (x 1 x n + x 2 x n?1 + + x n x 1 ), cf. 5.2. ) which leads to the required formula for length two orbits.
There is only one cohomogeneity 2 orbit with diagram of length greater than two, for proof in this case see 5.1.
The above proof used the following lemma:
Lemma 4.2. If X 2 so(n; C ) then the non-zero eigenvalues for X X have even multiplicities. Proof. We consider C n with the standard quadratic and Hermitian forms, so that so(n; C ) consists of skew-symmetric matrices, and X = X T . Let J denote the R-linear automorphism of C n , de ned by the formula Jv = X v: Suppose is a non-zero eigenvalue of X X and that v is a corresponding eigenvector. Now X T = ?X, so X = ?X, and we get X XJv = X XX v = X X Xv = X v = Jv; since the eigenvalues of X X are real. Thus Jv is also a -eigenvector of X X. (3) . This seems to be the most e cient formula; the attempts to write the potential for this orbit in another language, for example in terms of Lie algebra invariants, yield much more complicated results. Note, however, that the regular orbit in sl(3; C ) is a three-to-one quotient of the minimal orbit in g In this section we shall consider nilpotent orbits in so(n; C ) which have a single Jordan block of size three. For nilpotent orbits in so(n; C ) the Jordan blocks of even size come in pairs, so these orbits have Jordan type (3; 2 2k ; 1 n?4k?3 ) and the corresponding diagram is
We may assume that the orthogonal structures ! 1 on C and ! 3 on C n , cf. formula (2.6), are the standard quadratic forms. In particular so(n; C ) consists of skew-symmetric matrices. By 2.2, the orbit O (3;2 2k ) so(n; C ) is a hyperK hler quotient We know that rank X = 2 so X X has at most two non-zero eigen- . The most straightforward approach is to take a generic nilpotent element X, augment it to get X 0 , and nd the eigenvalues of X 0 .
To simplify the calculations we can use the action of the compact group SO(n) on O to put X in a canonical form. This is achieved by using the Beauville bundle 1]. We shall brie y outline this approach here; it is explained in more detail in 13, Section 4]. assume that the quadratic form on C n is given by the anti-diagonal matrix (S) ij with S ij = i;n+1?j . Then so(n; C ) consists of matrices that are skew-symmetric about the anti-diagonal. The advantage of this choice for the quadratic form is that nilpotent matrices in so(n; C ) are SO(n; C )-conjugate to matrices consisting of Jordan blocks. In our situation we can arrange for the size three block to be in the middle with the size two blocks placed symmetrically about the anti-diagonal: Here we take the semi-simple element 
